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Abstract A computational technique for obtaining the max-
imum load carrying capacity of robotic manipulators with joint
elasticity, subject to accuracy and actuators constraints, is de-
scribed herein. A feedback linearization technique is used to
minimize end-effector deflection. An inversion algorithm is em-
ployed for the synthesis of a dynamic feedback control law that
provides input-output decoupling and full state linearization. The
linearizing input transformations and the corresponding state dif-
feomorphisms are presented. The proposed technique is then
applied to a flexible joint robot. Linearizing control law is been
expressed in terms of different sets of model variables and their
derivatives. As a result, different tracking errors and torques are
introduced in the robot-given trajectory and different load carry-
ing capacities are obtained.

Keywords Dynamic load · Elastic · Feedback linearization ·
Flexible joint · Robot

1 Introduction

The main source of vibration in industrial robot manipulators
is the presence of joint elasticity between the driving actuators
and the drive links. The origin of elasticity is transmission parts,
such as harmonic drives, belts, or long shafts, during high-speed
motion or hard contact with the environment [1, 2]. The main
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intent of robot controllers is accurate and stable tracking along
a desired trajectory, regardless of structural flexibility. As such,
controllers should be designed using a more complete dynamic
model of the robot [3]. The modelling of robots with elastic
joints dates back to the early 1980s [4]. More recently, a detailed
analysis of the model structure was given in [5], where it was
used for improving asymptotic stability of a simple regulation
controller. A reduced dynamic model was also introduced in [6].

For many industrial applications, current robotic manipula-
tors with joint elasticity are relatively slow even when they are
not fully loaded. Their speed, load carrying capacity and, hence,
their productivity are limited by the deflection of the end-effector
and the capability of their actuators. Increasing actuator size and
power is largely self-defeating, because of increased cost and
power consumption of the larger actuators as well as increased
inertia of the actuators themselves. A more successful approach
should maximize the load carrying capacity of the flexible ma-
nipulator, subject to the constraints imposed by actuator capacity
and allowable end-effector deviation for a given dynamic trajec-
tory. Thomas et al. [7] used the load capacity as a criterion for
sizing the actuators at the design stage. In their work, piecewise
rigid links and joints were assumed. If one removes the rigid
body assumption, the Dynamic Load Carrying Capacity (DLCC)
determined using the actuator constraint alone [8] would nor-
mally be too large. The DLCC for a two-link planar flexible
arm is dealt with for only a single dynamic trajectory. In [9],
a new method for determining the DLCC for flexible joint ma-
nipulators, subject to both actuator and end-effector deflection
constraints, is introduced.

During the past decade, nonlinear systems and control the-
ory have generated tremendous development. As one of the most
active research areas, feedback linearization is a powerful tool
for controlling nonlinear systems and has been applied to many
engineering systems. The application to rigid and flexible joint
robots is discussed in [10, 11]. Feedback linearization involves
transforming a nonlinear system into a controllable linear sys-
tem using state feedback and coordinate transformations. This
problem has been studied with more general feedback transform-
ations. Static state feedback linearization was solved in [12] for
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single input systems, and in [13] for multi-input systems. For
high order systems, the transformation to a state-space format,
though straightforward, may obscure some relevant model struc-
tural properties and lead to complicated expressions [14].

In this paper, a new method of feedback linearization is pro-
posed for flexible joint manipulators. The proposed method is
used to determine the dynamic load carrying capacity of these
manipulators. In the three case studies, linearizing control law
are applied by considering different links or rotor angles as state
feedback variables. In each case, different tracking errors and
control signals (torque) result. Consequently, different load car-
rying capacites are obtained. It is shown that using the feedback
linearization technique, the end-effector deflection is reduced
and DLCC for a given trajectory is improved. Finally, simulation
tests are carried out in order to verify the algorithm.

2 Feedback linearization controller

Each multi-input nonlinear system can be written as fol-
lows: [15]

ẋ = f(x)+
m∑

i=1

ui gi(x) = f(x)+ g(x)u (1)

where f(x) and g(x) are analytic functions on Rn , f(0) = 0,
and u ∈ R. This system is feedback linearizable if there ex-
ists a region U in Rn containing the origin, a diffeomorphism
T : U → Rn . Nonlinear feedback is as follows:

u = α(x)+β(x)v (2)

with β(x) �= 0 on U. Such that the transformed variables:

Y = T(x) (3)

By satisfying the equation:

ẏ(x) = Ay(x)+bv (4)

where:

A =

⎡
⎢⎢⎢⎢⎣

0 1 0 . . . 0
0 0 1 . . . 0
. . . .

. . . 1
0 0 0 . . . 0

⎤
⎥⎥⎥⎥⎦

b =

⎡
⎢⎢⎢⎢⎣

0
0
.

.

1

⎤
⎥⎥⎥⎥⎦

In fact, the feedback linearization problem determines u in such
a way that a system can be linearized. To calculate u, each dif-
feomorphism transformation is derived until u appears. The last
derivation must then be set equal to v, and u is calculated. The
value of v can be obtained as follows: [15]

v = y(r)
d − kr−1(y(r−1) − y(r−1)

d )− kr−2(y(r−2) − y(r−2)
d )

− . . .− k0(y − yd) (5)

By applying this control law to the r th order linear system, track-
ing error e = y − yd satisfies the r th order linear equation. For
tracking a desired path we must set v = yd. In this way, the error
equation will be obtained as below:

e(r) + kr−1e(r−1) + kr−2e(r−2) + . . .+ k0e = 0 (6)

Hence, the dynamic errors are determined by selecting ks. By
choosing a suitable k value, the tracking error can be minimized.

3 Feedback linearization algorithm

State variables are set as link angles, rotor angles and their
derivatives, and identified as x1, x2, and . . . , xm . The system
is then in the form of Eq. 1 and is linearizable. With sufficient
derivation from both parts of Eq. 3 we can obtain:

ẏi = Ṫi = ∂Ti

∂x1
ẋ1 + . . .+ ∂T

∂xn
ẋn = C1(x1, x2, . . . xm)

ÿi = T̈i = C2(x1, x2, . . . xm)

y(3)
i = T (3)

i = C3(x1, x2, . . . xm)

...

y(n)
i = T (n)

i = Cn (x1, x2, . . . xm)+ Dn(u1, . . . ui) = vi (7)

where yis are the parameters of Y , and Tis are the parameters
of T . The control signal ui can be obtained from the last deriva-
tion of Eq. 7 as follows:

ui = αi(x1, x2, . . . , xm)+βi(x1, x2, . . . , xm , v1, . . . vi) (8)

The feedback linearization parameters will be obtained and the
system can then be linearized, as shown in Fig. 1.

Fig. 1. Feedback linearization algorithm
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4 DLCC for a desired trajectory

For a prescribed trajectory, the DLCC of a flexible joint ma-
nipulator is defined as the maximum load that the manipulator
can carry in executing the trajectory with an acceptable track-
ing accuracy. The main constraints, which bound the DLCC of
manipulators, are actuators and accuracy constraints.

4.1 Actuator constraint

The upper and lower bounds of the allowable torque are as
follows:

u+
a = k1 − k2q̇

u−
a = −k1 − k2q̇ (9)

where k1 = τs, k2 = τs/w0, τs is the stall torque, and wo is max-
imum speed of the motor without any load. A load coefficient,
complying with the torque constraint, can be gained as follows:

(ca)j = min
{

(τa)i

max{τe)−max{τn} , i = 1, . . . , n

}
(10)

where τn is the no-load torque, τeis the end-effector torque, and
(τa)i is the maximum allowable torque at joint i.

4.2 Accuracy constraint

The DLCC varies from place to place on a given trajectory. A load
coefficient (cp)j for point j , j = 1, 2, . . ., and m is as follows:

(cp)j = Rp − (∆e)j

max{∆e}−max{∆n} (11)

where (∆n)j is the no-load deflection, (∆e)j is the deflection
with added end-effector mass, and Rp indicates how much load
can be carried without violating the deflection constraint through
point j . A load coefficient c can be found as follows:

c = min
{
(cp)j , (ca)j

}
, j = 1, . . . , m (12)

The maximum mass mload for this trajectory is then:

mload = cme (13)

where me is the mass of end-effector.

4.3 Algorithm of determination DLCC with feedback
linearization

The algorithm shown in Fig. 2 has two parts. In the first part, the
effects of the combined manipulator and load motions on actua-
tor torques τ are computed. In the next part, assuming the motion
of the robot is limited to the desired trajectory, the corresponding
no-load torque τnl is computed. It is clear that with an increasing
load mass, the torque requirements of motors will increase. By
subtracting τnl from τ we can obtain the torque needed to carry
the load τl as, τl = τ − τnl.

Fig. 2. Algorithm for determining maximum load carrying capacity

To determine the DLCC value, the desired path is first dis-
cretized to certain points. For these m points, robot kinemati-
cal variables are computed. To prevent a singularity condition,
the determinant of the Ja(k) matrix must be calculated. If the
value of the determinant is zero then another path must be se-
lected. The torque of each motor in both a loaded and unloaded
robot will be calculated and the torque bounds can be then
measured.

5 Controller design

Equations for a two-link flexible joint manipulator (shown in
(Fig. 3) are provided below:

a. Kinematic equations.

(−l1 sin(q1)− l2 sin(q1 +q3))q̈1 − l2 sin(q1 +q3)q̈2 = Rt1

(−l1 cos(q1)+ l2 cos(q1 +q3))q̈1 + l2 cos(q1 +q3)q̈2 = Rt2
(14)
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Fig. 3. Two-Link flexible joint manipulator model

b. Dynamic equations based on Lagrangian approach.

D11q̈1 + D12q̈3 −Cq̇2
3 −2Cq̇1q̇3 + K(q1 −q2) = 0

D22q̈3 + D12q̈1 +Cq̇2
1 + K(q3 −q4) = 0

Ir1q̈2 + K(q2 −q1) = τ1

Ir2q̈4 + K(q4 −q3) = τ2 (15)

where

D11 = m1l2
c1 + I1 +m2[l2

1 + l2
c2 +2l1lc2 cos(q3)]+ I2

+m p[l2
1 + l2

2 +2l1l2 cos(q3)]+ Ip

D22 = m2l2
c2 + I2 +m pl2

2 + Ip

D12 = m2l1lc2 cos(q3)+m2l2
c2 + I2 +m pl1l2 cos(q3)+m pl2

2 + Ip

C = m2l1lc2Sin(q3)+m pl1l2Sin(q3)

In state space we set

X1 = q1 X2 = q̇1

X3 = q3 X4 = q̇3

X5 = q2 X6 = q̇2

X7 = q4 X8 = q̇4 (16)

where q1 and q3 are link angles, and q2 and q4 are rotor an-
gles. At this time, the two-link flexible joint manipulator system

Eq. 15 can be re-written as shown below:

Ẋ1 = X2

Ẋ2 = D22(CX4(2X2 + X4)+ K(X5 − X1))

D11 D22 − D2
12

+D12(CX2
2 + K(X3 − X7))

D11 D22 − D2
12

Ẋ3 = X4

Ẋ4 = D12(CX4(2X2 + X4)+ K(X5 − X1))

−D11 D22 + D2
12

+D11(CX2
2 + K(X3 − X7))

−D11 D22 + D2
12

Ẋ5 = X6

Ẋ6 = 1

I
(u1 + K(X1 − X5))

Ẋ7 = X8

Ẋ8 = 1

I
(u2 + K(X3 − X7)) (17)

The system Eq. 15 then leads to:

ẋ = f(x)+ g1(x)u1 + g2(x)u2, x ∈ Rn

where

f(x) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

X2
D22(CX4(2X2+X4)+K(X5−X1))+D12(CX2

2+K(X3−X7))

D11 D22−D2
12

X4
D12(CX4(2X2+X4)+K(X5−X1))+D11(CX2

2+K(X3−X7))

−D11 D22+D2
12

X6
K
I (X1 − X5)

X8
K
I (X3 − X7)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

g1(x) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0
1
I
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, g2(x) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0
0
0
1
I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(18)

There are different choices for solving the problem of feedback
linearization, because there is a range of functions that can be
chosen for diffeomorphism transformations. Two methods are
introduced: in the first one, the link angles are selected for diffeo-
morphism transformation; and in the second one, the rotor angles
are selected.

Method 1. In the first method, the diffeomorphism transform-
ations for a two-link robot arm are T1 = X1 = q1, T2 = X3 = q3.
Feedback linearization parameters u1 and u2 will be obtained
with four-time deriving of desired values (q1, q3). Thus, we
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have:

u1 = tm30(−v1 + tm23)+ tm31(−v2 + tm25)

u2 = tm32(−v1 + tm23)+ tm33(−v2 + tm25) (19)

where the relative terms of these equations are given in the Ap-
pendix A.

Method 2. In the second method, T1 = X5 = q2 and T2 = X7 =
q4 are the diffeomorphism transformations for a two-link robot
arm. This means that the desired values are (q2, q4) and the feed-
back linearization parameters are u1 and u2. The results from
two-times deriving of these transformations are provided below:

u1 = I.v1 − K(X1 − X5)

u2 = I.v2 − K(X3 − X7) (20)

6 Simulation study

Determining the tracking error is possible once the feedback lin-
earization parameters have been calculated. Parameters v1, v2
from Eq. 20 are obtained as follow:

v1 = q̈d2 − k11(q̇2 − q̇d2)− k12(q2 −qd2)

v2 = q̈d4 − k21(q̇4 − q̇d4)− k22(q4 −qd4) (21)

The error diminishes to zero when v1 = q̈2 and v2 = q̈4. Hence,
the error equations leads to:

ë1 + k11ė1 + k12e1 = 0

ë2 + k21ė2 + k22e2 = 0 (22)

By appropriate selection of k22, k21, k12, and k11, the tracking
error can be minimized. A closed loop system controller was
designed to have duplicated poles in -10, which means that
k22 = k21 = k12 = k11 = 20. To simplify the simulation, we set
Ip = 0.

Fig. 4. Controller 1 – tracking link an-
gles (q1, q3)

Table 1. Numerical values for simulation

Parameter Value Unit

Spring constant k1 = k2 = 5.5 N/M
Area moment of Ir1 = Ir2 = 9.9×10−12 m4

inertia
Link length L1 = L2 = 1, lc1 = lc2 = 0.5 m
Link mass m1 = m2 = 1 Kg
Actuator constant k1 = 18.9, k2 = 5.4 N-m & N-m/rad

respectively
Mass of end-effector me = 0.2 Kg
Initial condition q1 = q2 = 0 Degree
Link linear µ1 = µ2 = 0.405 Kg/m
mass density
Stall torque τs = 0.63 N-m
No load speed w0 = 3.5 Rad/s

For this simulation, the desired trajectory as a function
of time is Xd = 1.05− 0.02t2 and Yd = 1.05+ 0.01t2. Other
robot parameters used in these simulations are listed in the
Table 1.

Figure 4 presents the first controller that tracks link angles.
As shown, the errors are derived by subtracting coordinate trans-
formations of the desired path from output of the system. From
equation Eq. 21, v1 and v2 are calculated using a linear compen-
sator. Nonlinear control can then obtain the u1 and u2 parameters
and send these to the robot system (nonlinear plant). Figure 5
shows the desired and actual path and the accuracy bounds of
controller 1. To determine the upper and lower bounds of the
end-effector accuracy, the Rp value should be 0.2 mm. Figure 6
shows the torque of both links in full load and no-load status in
the first controller.

For the second controller, a similar approach was used. In
Fig. 7, the second controller tracks rotor angles such that coordi-
nate transformations can be done on the desired path. The rotor
angles are then calculated from Eq. 15. Figure 8 shows the de-
sired and actual path of controller 2, as well as the accuracy
bounds. Figure 9 demonstrates the torque of both links in full
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Fig. 5. Desired and actual trajectory of controller 1

load and no load status in the second controller. The maximum
amount of torque used is also shown.

Employing controller 1, the DLCC of the manipulator is
computed as mload = 1.73 kg. It was found to be the maximum
load that the given actuators can carry while executing the trajec-

Fig. 6. Necessary torques and acceptable bound for trajectory tracking of controller 1

Fig. 7. Controller 2 – tracking rotor angles (q2, q4)

tory in the first controller. Applying heavier loads may result in
increased tracking error, beyond the acceptable condition.

Similarly for controller 2, mload = 1.7 kg was obtained to de-
termine the maximum load that can be ported by the actuators in
the second controller.

In the last method of simulation, we use (q1, q3) separately
for tracking the trajectory. In this method, the robot system was
decoupled into two parts so that each link worked separately and
corrected its error independently. This can reduce state space
variables to four, and hence speed should increase. This type of
controller is shown in Fig. 10. As shown, the errors are obtained
by subtracting the coordinate transformation of the desired path
from the output of both decoupled systems. Errors then go to the
linear compensator to generate v. The nonlinear control unit cre-
ates u from that, and each part of the decoupled system sends
u to the robot system. In Fig. 11, the bound accuracy of the
end-effector is assessed using Rp, which should be 0.2 mm. In
comparison with the last controllers, it’s clear that the deflec-
tion is increased. Figure 12 shows the torque of both links in full
load, which uses maximum allowable torque and no-load status.
The maximum dynamic load carrying capacity of the robot is
obtained from mload = 1.57 kg in controller 3.
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Fig. 8. Desired and actual trajectory of controller 2

6.1 Two-link flexible joint manipulator simulation without F.L.

The deflection of joints are greater in the open loop systems
than in closed loop systems, which leads the manipulator into
a smaller DLCC. In this method, the DLCC is found by setting

Fig. 9. Joint torques of controller 2

Fig. 10. Controller 3 – (tracking q1, q3 separately)

Fig. 11. Desired and actual trajectory of controller 3

mload = 0.67 kg. The path of the robot in this method is shown in
Fig. 13.

It is clear that the DLCC for the robot was increased by
using feedback linearization, due to the reduced deflection in the
robot.
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Fig. 12. Joint torques of controller 3

Fig. 13. The desired and actual trajectory without feedback linearization

Using the feedback linearization method, the tracking error
is minimized at each point along the given trajectory compared
to the open loop method. As a result, the dynamic load carrying
capacity of manipulator is increased.

Controller 2 is faster than controller 1, because of a shorter
feedback linearization formulation (u). Also, controller 3 is
faster than both of the previous controllers because the system is
decoupled and the state space variables are reduced to four. How-
ever, the feedforward method is still faster as it needs less calcu-
lations. Controller 3 has a smaller DLCC than the other two con-
trollers because it has more deflection. The first two controllers
have roughly the same torque and deflections and, thus, have the
same DLCC. These two controllers have very similar designs,
the only difference being their diffeomorphism transformation.

7 Conclusions

In this paper, a new method of feedback linearization for robots
with elastic joints is introduced. In the simulationstudies, three
methods for two-link manipulators with feedback linearization

are used. The methods used different tracking parameters, which
produced different tracking errors and control signals (torque
of joints). Hence, the maximum load carrying capacity in each
case was different. In each method, the DLCC of the manipula-
tors was determined with feedback linearization. In comparison
with feedforward method, the use of feedback linearization can
increase maximum dynamic load carrying capacity of robots be-
cause of the reduction in deflection.

Appendix A: Terms of u in Eq. 19

tm33 = − tm26

tm3tm22

tm32 = − tm24

tm3tm22

tm31 = −tm29tm26

tm30 = tm28−tm29tm24

tm29 = tm1

tm3tm27

tm28 = −1.8−12 1

0.25+m p
tm3

tm27 = (0.25 +m p)tm22

tm26 = 5.511(0.25+m p)

tm25 = ttm6tm9−tm14

tm2
3 + tm21

tm3

tm24 = 5.5∧11tm1

tm23 = ttm5tm9−tm13

tm2
3 + tm20

tm3

tm22 = 3.923(−tm2
1 + (0.25+m p)tm2)

tm2
3

tm21 = −(0.5+m p)tm4tm11 + (1+m p)tm5tm11

+2(0.5+m p) sin(X3)X4tm8

−2(1+m p)sin(X3)X4tm10 + tm2tm15−tm1tm19
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tm20 = (−(0.5+m p)tm5tm11 +2(0.5+m p) sin(X3)X4tm10

−tm1tm15 + (0.25+m p)tm19)

tm19 = 5.512(X1−X5)

+ −5.5ttm5 +4(0.5+m p) cos(X3)X2
4ttm6

tm3

+2(0.5+m p)X2 X4tm12

+ (0.5+m p)X2
4tm12 +4(0.5+m p)

× cos(X3)X4

(
X4ttm5

tm3
+ X2ttm6

tm3

)

+ (0.5+m p) sin(X3)tm18 +2(0.5+m p) sin(X3)tm17

tm18 = −2X4tm6ttm6 +2ttm2
6

tm2
3

+ tm16

tm3

tm17 = 2ttm5ttm6

tm2
3

+ X4

(
− tm6ttm5

tm2
3

)

+X4

(
(0.5+m p) sin(X3)X4tm5 + (0.25+m p)tm8−tm1tm10

tm3

)

+ X2

(
− tm6ttm6

tm2
3

+ ttm11

tm3

)

tm16 = 2X4ttm11

tm15 = 5.512(X3−X7)−5.5ttm6

tm3

− (0.5+m p)

(
4 cos(X3)X2 X4ttm5

tm3
+ X2

2tm12

)

− (0.5+m p)

(
sin(X3)

(
2X2tm6ttm5 +2ttm2

5

tm2
3

))

+(0.5+m p)

(
sin(X3)

(
2X2

(
(0.5+m p) sin(X3)X4tm5

)

tm3

))

+ (0.5+m p)

(
sin(X3)

(
(0.25+m p)tm8 − tm1tm10

)

tm3

)

tm14 = 2tm6ttm11

tm13 = 2tm6
(
(0.5+m p) sin(X3)X4tm5

+ (0.25+m p)tm8−tm1tm10
)

tm12 = − sin(X3)X2
4 + cos(X3)ttm6

tm3

tm11 = − cos(X3)X2
4−

sin(X3)ttm6

tm3

ttm11 = (0.5+m p) sin(X3)X4tm4−(1+m p) sin(X3)X4tm5

−tm1tm8 + tm2tm10

tm10 = −5.5X4−(0.5+m p) cos(X3)X2
2 X4

−2(0.5+m p) sin(X3)X2ttm5

tm3
+5.5X8

tm9 = 2tm2
6

tm3
3

−(−(0.25+m p)(1+m p) cos(X3)X2
4

+2(0.5+m p) cos(X3)tm1 X2
4

−2(0.5+m p)
2sin2(X3)X2

4

− (0.25+m p)(1 +m p) sin(X3)ttm6

tm3

+ 2(0.5+m p)tm1sin(X3)ttm6

tm3
)/tm2

3

tm8 = −5.5X2 + (0.5+m p) cos(X3)
(

2X2 X2
4 + X3

4

)
+5.5X6

+ tm7 +2(0.5+m p) sin(X3)(−tm1tm4 + tm2tm5) (X2 + X4)

tm3

tm7 = 2(0.5 +m p) sin(X3)X4
(
(0.25 +m p)tm4−tm1tm5

)

ttm6 = −tm1tm4 + tm2tm5

tm6 = (−(0.25 +m p)(1 +m p) sin(X3)X4

+2(0.5+m p)tm1sin(X3)X4)

ttm5 = (0.25 +m p)tm4−tm1tm5

tm5 = −(0.5+m p) sin(X3)X2
2−5.5X3 +5.5X7

tm4 = (−5.5X1 + (0.5+m p) sin(X3)
(

2X2 X4 + X2
4

)
+5.5X5

tm3 = tm2
1 + (0.25+m p)tm2

tm2 = 1.5+1.25m p + (1+m p) cos(X3)

tm1 = 0.25+m p + (0.5+m p) cos(X3)
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